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Abstract

Current pulsar timing models face challenges when applied to binary pulsars with wide orbits and low orbital
eccentricities. The conventional Damour—Deruelle (DD) model accurately characterizes the orbits of such systems,
but it suffers from strong correlations between the time of periastron passage (T) and the longitude of periastron
(w). The ELL1 model avoids these parameter correlations, yet fails due to the limitations of its first-order low-
eccentricity approximation. Recent enhancements to the ELL1 model (dubbed ELL1+ model) have incorporated
higher-order terms but retain the low-eccentricity approximation. In this study, we propose a further improved
model, ELL1R, which eliminates reliance on the low-eccentricity approximation through rigorous calculation of
the Romer delay. This modification can avoid strong parameter correlations in the DD model, and it can be used in
systems with mild eccentricity, 0.01 < e < 0.1, where the ELL1+ model cannot be used. Using the ELL1R model,
we present the first phase-coherent timing solutions for three binary pulsars: PSR J1851-0108 (orbital period:
228 days), PSR J1910+0423 (886 days), and PSR J19234-2022 (777 days). Validation against the DD and ELL1+
models confirms that ELLIR yields consistent timing results while integrating the advantages of the two models.
Our analysis further indicates that all three pulsars are mildly recycled. The companions of PSRs J1910+4-0423 and
J1923+4-2022 are likely white dwarfs, whereas the nature of PSR J1851-0108’s companion remains unknown.

Unified Astronomy Thesaurus concepts: Binary pulsars (153); Radio pulsars (1353); Pulsar timing method (1305)
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1. Introduction

Binary pulsars have various types of companions with very
different orbital parameters. Pulsar—white dwarf systems have
small orbital eccentricities, and their orbital periods can be as
long as about 1000 days (R. N. Manchester et al. 2005). These
binary systems allow us to constrain violations of the strong
equivalence principle and momentum conservation as well as
Lorentz invariance (T. Damour & G. Schaefer 1991;
C. M. Will 1993; N. Wex 1997, 2000). Parameters of pulsar
timing solutions contain important information on locations,
rotational slowdown, binary orbits, and relativistic effects. By
comparing the predictions of the timing solutions with the
measured times of arrival (TOAs) of pulses, the values and
uncertainties of these parameters can be obtained.

Many timing models have been developed for binary pulsar
timing, and selecting an appropriate model is essential for
achieving a reliable phase-connected timing solution. The
Blandford—-Teukolsky (BT) model (R. Blandford &
S. A. Teukolsky 1976) was proposed for the timing of the
first known binary pulsar, PSRB1913+16 (R. A. Hulse &
J. H. Taylor 1975). Later, T. Damour & N. Deruelle
(1985, 1986) developed the Damour—Deruelle (DD) model,
which provides a better description of relativistic effects, and
nowadays the DD model is widely employed for binary pulsars
with significant orbital eccentricities, such as double neutron
star systems. However, for binary pulsars with low eccentricity
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(e < 1), the parameters w (the longitude of periastron) and T
(the time of periastron passage) exhibit strong covariance.
When fitting the orbital eccentricity e in such systems, timing
software may terminate due to e < 0, complicating the search
for a phase-connected solution.

For low-eccentricity binary pulsars, such as many pulsar—
white dwarf systems, C. Lange et al. (2001) introduced the
ELL1 timing model, in which w, Ty, and e are replaced by the
time of ascending node passage Tase = Top — (w/2m)Por, and
two Laplace parameters ¢; = esinw and ¢, = ecosw. The
Romer delay Agg, which describes the variation in light
travel time caused by orbital motion, is computed only to first
order in the orbital eccentricity e (C. Lange et al. 2001). This
approximation holds when xe?/c < oroa/NibA, Where x is
the projected semimajor axis, c is the speed of light, oo, is
the uncertainty of individual TOA measurements, and Ntoa
is the number of TOAs. However, in many wide-orbit pulsar—
white dwarf binary systems, xe® can reach values 21 ms,
and the accuracy of the first-order approximation is not
enough.

Subsequent improvements were introduced by W. W. Zhu
et al. (2019), who derived second-order eccentricity terms, and
later by W. Fiore et al. (2023), who extended the calculation to
third order. This enhanced version, referred to hereafter as the
ELL1+ model, has been 1mplemented in the TEMPO’ software
(including terms up to xe’; D. Nlce et al. 2015) and the PINT
pulsar timing package (up to xe; J. Luo et al. 2021), though it
remains unavailable in the w1dely used TEMPO2 software
(G. B. Hobbs et al. 20006).

> hitp: //tempo.sourceforge.net/
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Table 1
FAST Observation Sessions for the Three Pulsars
PSR J1851-0108 J1910+0423 J1923+2022
Observation MJD range 59480-61005 59768-61014 59180-60999
Total sessions 28 21 33
FAST GPPS (PL: J. L. Han) 4 9 6
PT2022_0047 (PI: W. Q. Su) 17 0 14
PT2023_0017 (PL: C. Wang) 0 0 3
PT2023_0102 (PI: W. Q. Su) 0 1 0
PT2023_0162 (PI: W. Q. Su) 2 3 1
PT2024_0089 (PI: Y. Yan) 0 2 0
PT2024_0173 (PI: J. Xu) 0 0 1
PT2024_0195 (PI: C. Wang) 0 0 1
PT2024_0199 (PI: W. Q. Su) 3 3 1
PT2024_0235 (PI: W. C. Jing) 1 0 0
7ZD2025_6 (PL: J. P. Yuan) 0 2 6
PT2025_0211 (PL: T. Wang) 0 1 0
PT2025_0221 (PL: W. Q. Su) 1 0 0

In this paper, we present a refined timing model (hereafter
referred to as the ELL1R model:® Z. L. Yang 2025) written in
TEMPO2 format (G. B. Hobbs et al. 2006), which computes the
Romer delay without relying on low-eccentricity approxima-
tions. We then applied it to three binary systems,
PSRs J1851-0108, J19104-0423, and J1923+2022, which
were discovered by the Five-hundred-meter Aperture Sphe-
rical radio Telescope (FAST; R. Nan 2006) during the Galactic
Plane Pulsar Snapshot (GPPS) survey (J. L. Han et al.
2021, 2025). The initial orbital parameters of PSRsJ1910
40423 and J1923+4-2022 have been published in P. F. Wang
et al. (2025), and they are in orbits with long orbital periods
of a few hundred days. PSRs J1910+40423 and J1923-+2022
have very small orbital eccentricities e < 0.01, while
PSR J1851-0108 has a mild orbital eccentricity in the range
0.01 < e < 0.1. We obtained their new timing solutions
accurately. In Section 2, FAST observations, the timing
procedure, and our new timing model are introduced. In
Section 3, we present the timing results of PSRs J1851-0108,
J1910+0423, and J1923+2022 by using different timing
models and discuss the pulsar properties and their possible
origins. A summary of our work is presented in Section 4.

2. Observations and Data Reduction
2.1. FAST Observations

The three pulsars, PSRsJ1851-0108, J1910+0423, and
J19234-2022, were discovered in the FAST GPPS survey
(J. L. Han et al. 2021, 2025). PSR J1851-0108 was discovered
in a 21 minute snapshot observation on 2021 September 23 and
later confirmed by a 15 minute tracking observation on 2021
October 5. PSR J1910+0423 was discovered in a 21 minute
snapshot observation on 2022 July 9 and later confirmed by a
5 minute tracking observation on 2022 July 22. PSR J1923
42022 was discovered in a 15 minute tracking observation on
2020 November 27 and later confirmed by another 15 minute
tracking observation on 2021 January 27. Their binary
characteristics have been identified using changes of their
barycentric spin periods (P. F. Wang et al. 2025).

In this work, we used all available FAST observations from
the FAST GPPS survey and other FAST projects (see Table 1).

6 Available at https://github.com/Zony-naoc/ELL1Rmodel

The L-band 19-beam receiver has been used for all FAST
observations, which covers the frequency range of
1.0-1.5 GHz. Data were recorded in the search mode with
4096 or 2048 frequency channels, with a sampling time of
49.152 ps. In most observations, the data from four polariza-
tion channels from the linear polarization feed, XX, YV,
Re[X Y], and Im[X Y], were recorded. The polarization data
were calibrated by using the periodic calibration noise signals
injected for 120 s (for 10 minutes or longer sessions) or 40's
(for other sessions) at the beginning or the end of each
observation session.

2.2. Pulsar Timing Procedure and ELLIR Timing Model

The orbital motion of a binary pulsar gives rise to variations
in its line-of-sight velocity, which in turn cause changes in the
observed barycentric spin period. These variations are described
by a set of Keplerian orbital parameters: the orbital period Py,
the time of periastron passage Ty, the longitude of periastron w,
the projected semimajor axis x, and the orbital eccentricity e.
For each observation session, we derived the barycentric spin
period Pp,y, and the barycentric epoch Ty, using the
prepfold command in PRESTO, a software package designed
for pulsar data analysis (S. M. Ransom 2001). Adopting the
approach of B. Bhattacharyya & R. Nityananda (2008), we then
performed a two- or four-dimensional search over orbital
parameters to fit the barycentric periods measured at different
epochs.

Using these initial orbital parameters, we folded the
observational data into pulse profiles using DSPSR (W. van
Straten & M. Bailes 2011). Radio frequency interference (RFI)
was automatically removed using the method described in
X. Chen et al. (2023), and polarization profiles were derived
following the procedure in P. F. Wang et al. (2023). TOAs
were extracted from the resulting profiles using the PSRCHIVE
software suite through the following steps: (1) manual
verification of RFI excision using psrzap; (2) compressing
each session’s data into one polarization channel (total
intensity), two subintegrations, and four subbands using the
pam command (A. W. Hotan et al. 2004); and (3) extracting
TOAs via the pat command by cross correlating the profiles
with a one-dimensional frequency-averaged template gener-
ated by paas (A. W. Hotan et al. 2004).
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The TOAs were analyzed using the high-precision pulsar
timing package TEMPO2 (G. B. Hobbs et al. 2006). The ELL1
timing model is commonly used for binary systems with low
orbital eccentricity. In this model, the Romer delay Agg is
given by (C. Lange et al. 2001)

ARp ~ x[sin@ + %sin(Z@) — %2 cos(2<I>)], (1)

where @ is the orbital phase. It is worth noting that, in addition
to terms of order xez, the ELL1 model also omits the term
xe sinw = x¢; in the Romer delay expression (A. Susobhanan
et al. 2018). If xe; varies with time, this omission can introduce
a small systematic bias in the measured spin period. For the
wide-orbit systems PSRsJ1851-0108, J19104-0423, and
J192342022, whose xe*/c are 3.7, 1.4 x 107°, and
1.1 x 10*s, respectively, the original ELL1 model
implemented in TEMPO2 is not well suited for their timing
since the low-eccentricity approximation xe? < O'TOA/N%(/)ZA is
no longer true. The ELL1+ model can be used for timing
PSRs J1910+0423 and J1923+2022, but it remains unsuitable
for PSR J1851-0108 due to its large xe*/c = 0.065 s. Note that

the ELL1+ model is not currently included in the standard
TEMPO2 distribution (G. B. Hobbs et al. 2006).

Although the BT and DD models can accurately calculate the
Romer delay, they are not suitable for systems with low orbital
eccentricities. Traditionally, the last digit of a measured value
is uncertain and should align with the place of the uncertainty.
In the BT or DD model, the high covariance between w and T
significantly increases their uncertainties. Therefore, if the BT
or DD model was applied for these systems, the reported values
of w and T, cannot accurately reproduce the timing results.
Besides that, the very low orbital eccentricities of PSRs J1910
40423 and J19234-2022 make finding a phase-connected
timing solution much more difficult, as timing software may
terminate due to e < 0.

To address this issue, we developed a modified timing
model implemented in TEMPO2 (G. B. Hobbs et al. 2000),
ELLI1R, in which the parameters Ty, €;, and ¢, are converted
back into Ty, ¢, and w as follows:

arctan(ey/ )

Ty = Tosc + P,
2w
e= \/612 + 6% ,
w = arctan(e;/ €). )

The Romer delay is then computed according to the BT and DD
models (R. Blandford & S. A. Teukolsky 1976; T. Damour &
N. Deruelle 1985, 1986):

Agp = xsinw(cosu — e) + x1 — €2 coswsinu, 3)

where u is the eccentric anomaly. This original-sense
recovered model, dubbed the ELL1R model, can be applied
to most systems with e < I—including those in wide orbits
with mild eccentricities of 0.01 < e < 0.1 for which the ELL1
+ model is not suitable—and avoids the strong correlation
between T and w in the BT or DD model.

Yang et al.

In the ELL1 model (C. Lange et al. 2001), the Shapiro delay
Agg is approximated as

2Gm

°In(1 — sinisin®), “4)
3

ASBR"/—

where G is the gravitational constant, m. is the companion
mass, and i is the orbital inclination. Following the DD model
(T. Damour & N. Deruelle 1986), we strictly compute the
Shapiro delay in the ELL1R model:

2Gmg

Asp=——

In{1 — sini[sinw(cosu — e)

C
+ 1 —e? coswsinu] — ecosu}. 5

Currently, aside from the Romer delay and the Shapiro
delay, following the origin ELL1 model (C. Lange et al. 2001),
the ELL1R model only accounts for secular variations in the
orbital parameters. Consequently, for compact binary pulsars
with mild eccentricities such as the double pulsar system
PSR J0737—-3039 A and B (A. G. Lyne et al. 2004), the DD
model is still required to accurately describe the relativistic
effects (T. Damour & N. Deruelle 1985, 1986).

In estimating parameter uncertainties, TEMPO2 (G. B. Hobbs
et al. 2006) computes the covariance matrix C from the first-
order partial derivatives. Using Equation (2), we transform the
partial derivatives with respect to Ty, w, and e into those with
respect to Ty, €1, and €,. The correlation coefficient r between
fitted parameter 1 and fitted parameter 2 is then given by
r = G2/ G1Cx. Even for a mildly eccentric system such as
PSR J1851-0108, the DD model (T. Damour &
N. Deruelle 1985, 1986) yields a correlation coefficient
between w and T, as high as 0.998. In contrast, the ELL1R
model avoids such a strong parameter correlation. For
PSR J1851-0108, the highest correlation coefficient among
the three orbital parameters adopted in the ELLIR
model—T,., €;, and e,—is 0.366, observed between T,,. and
€. The highest correlation coefficient among all fitting
parameters is —0.887, observed between Py and the spin
frequency derivative . The correlation arises from limited
observational coverage, an issue that is also present in the DD
model.

3. Timing Results and Discussion

Using this modified timing model, we follow the methodol-
ogy of P. C. C. Freire & A. Ridolfi (2018), and successfully
obtained the phase-coherent timing solutions for all three
pulsars. We then iterated the data processing procedures to
generate improved TOAs and timing, and obtained the final
timing results of PSRs J1851-0108, J19104+-0423, and J1923
42022 as listed in Table 2, and timing residuals are shown in
Figure 1. We searched and did not find optical and infrared
counterparts of these systems in VizieR online data catalogs
(F. Ochsenbein et al. 2000) and available survey images
including Pan-STARRS1 and UKIDSS (K. C. Chambers et al.
2016; A. Lawrence et al. 2007), probably caused by their old
ages, large distances, and extinction. We analyze the timing
results of the three pulsars independently.

3.1. PSRJ1851-0108

PSR J1851-0108 has a broadened pulse as discussed by
W. C. Jing et al. (2025) and shown in Figure 2. It is moving
around its companion with an orbital period of 228 days and
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Table 2
Timing Model Parameters and Other Important Parameters for PSRs J1851-0108, J1910+0423, and J1923+2022 in the Barycentric Dynamical Time Scale at
Reference Epoch MJD 60500

Parameters J1851-0108 J1910+-0423 J1923+2022
Ntoa 98 82 131
Xﬁun/Nfree 0.8249 1.1775 1.2500
R.A., a (hh:mm:ss.sss; J2000 equinox) 18:51:11.390(2) 19:10:10.2275(15) 19:23:47.4763(5)
Decl., 6 (dd:mm:ss.ss; J2000 equinox) —01: 08: 10.04(8) +04: 23: 01.19(3) +20: 22: 50.676(11)
Spin period, P (s) 0.08707461410585(12) 0.0932414759973(5) 0.037992888786748(15)
Spin period derivative, P (s s ') 2.75(10) x 107" 9.2(5) x 107" 1.812(2) x 107"
Spin frequency, v (Hz) 11.484403465565(16) 10.72484094985(5) 26.320715058361(10)
Spin frequency derivative, i (s~2) —3.63(13) x 1077 —1.06(5) x 1076 —1.2552(14) x 107'°
Characteristic age, 7. (Gyr) 5.0 1.6 3.3
Surface magnetic field strength, B, (G) 5.0 x 10° 9.4 x 10° 2.7 x 10°
Dispersion measure (pc cm’3) 670.96(5) 339.840(5) 175.310(6)
Dispersion measure derivative (pc cm ™3 yrfl) 0.016(4) 0.007(4)
Distance from NE2001 and YMW16 (kpc) 8.8 and 6.1 8.4 and 13.1 6.2 and 4.6
Rotation measure (rad m2) 319(2) 634(2) 223(4)
Binary model DD

Orbital period, Py, (days) 228.021994(9) 885.8686(4) 777.470128(8)
Projected semimajor axis, x (It-s) 207.92211(5) 203.3159(2) 244.613429(15)
Time of periastron passage, T (MJD) 60267.67630(12) 61243.94(3) 60493.53(3)
Longitude of periastron, w (deg) 142.23572(19) 253.885(11) 118.480(13)
Orbital eccentricity, e 0.1331659(4) 0.0026133(8) 0.00067731(18)
Weight rms of timing residuals, oyes (1S) 203.142 22.582 34.540
Binary model ELL1+

Orbital period, Py, (days) 885.8686(4) 777.470128(8)
Projected semimajor axis, x (lt-s) 203.3159(2) 244.613429(15)
Time of ascending node passage, Ty (MID) 60619.19547(12) 60237.658307(9)
First Laplace parameter, ¢; = e sinw —0.0025106(8) 0.00059534(15)
Second Laplace parameter, ¢; = e cosw —0.0007254(5) —0.00032298(19)
Weighted rms of timing residuals, oyes (1) 22.582 34.541
Binary model ELL1R

Orbital period, P, (days) 228.021994(9) 885.8686(4) 777.470128(8)
Projected semimajor axis, x (It-s) 207.92211(5) 203.3159(2) 244.613429(15)
Time of ascending node passage, T, (MID) 60177.584981(9) 60619.19546(12) 60237.658309(9)
First Laplace parameter, ¢; = e sinw 0.0815527(3) —0.0025106(8) 0.00059534(15)
Second Laplace parameter, ¢, = e cosw —0.1052726(5) —0.0007254(5) —0.00032298(19)
Weight rms of timing residuals, oyes (1S) 203.142 22.582 34.540
Binary model Derived binary parameters from ELL1R model

Time of periastron passage, T, (MJD) 60267.67630(11) 61243.94(3) 60493.53(3)
Longitude of periastron, w (deg) 142.23572(17) 253.885(12) 118.480(15)
Orbital eccentricity, e 0.1331659(4) 0.0026133(8) 0.00067731(16)
Mass function (M) 0.18562277(14) 0.01149896(2) 0.025998973(4)
Minimum companion mass (M) 1.03 0.32 0.45

Note. Distances are estimated using the NE2001 (J. M. Cordes & T. J. W. Lazio 2002) and YMW16 (J. M. Yao et al. 2017) electron-density models. The solar
system ephemeris used in this work is DE440 (R. S. Park et al. 2021).

has a mild orbital eccentricity of 0.133. The mass function
Sf(my, me, sini) of PSRJ1851-0108 gives a constraint on the

. 1. A massive white dwarf companion. In this case, probably
companion mass of

the system has experienced stable Roche-lobe overflow

3ind; 2 .3 instead of common envelope evolution during the mass
. mg sin’ i 475 x .
f(my,, me, sini) = — g = Y5 transfer from the companion to the neutron star (H. Ge
(mp + me) G Po et al. 2023), and its mildly eccentric orbit may be
= 0.18562277(14) M, 6) induced by the shell flashes when producing its massive

white dwarf companion (T. M. Tauris & E. P. J. van den

where my, is the pulsar mass. Assuming a typical pulsar mass of Heuvel 2023).
1.4 M, the companion mass must be greater than 1.03 M. 2. A main-sequence star companion. PSR J1851-0108 is a
The nature of its massive companion can be as follows. mildly recycled pulsar with a spin period of 87.1 ms and
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Figure 1. Timing residuals of PSRs J1851-0108, J1910+0423, and J1923+-2022 as as a function of epoch or orbital phase. The error bars show the 1o uncertainties
of the measured TOAs taken with the L-band 19-beam receiver of FAST. No systematic trends are visible. Their weighted rms of the timing residuals oy, are shown
in each subpanel.
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Figure 2. The polarization profiles of PSRs J1851-0108, J1910+0423, and J1923+4-2022 obtained by adding data from all available FAST tracking observations with
a beam offset of less than 1.0” from the pulsar position, with integration times of 2.3, 1.4, and 0.4 hr, respectively. The total intensity profile (black line), linear (blue
dashed line), and circular (red dotted line, positive for the left-hand sense) polarization profiles are plotted in the lower subpanel, with a scale box indicating the 1 bin
width and the £20 of the flux density. The linear polarization angles (PAs) are plotted in the upper subpanel with the error bars representing +1o.

a surface magnetic field strength of 5.0 x 10°G,
suggesting that this binary pulsar has accreted mass

from its companion. Conventional binary stellar evol-
ution models predict neither significant orbital eccentri-
cities nor main-sequence companions in such a wide
orbit around a recycled pulsar. However, D. J. Champion
et al. (2008) have found an exception, PSR J1903+0327,
to this prediction, which may be formed in a hierarchical
triple system or a globular cluster.

3. A neutron star or black hole companion. In this case, the

orbital eccentricity of PSR J1851-0108 should originate
from the birth kick of its companion star. However, many
studies found that a wide double neutron star system with
a small orbital eccentricity is less likely to be formed
(T. M. Tauris et al. 2017; Y.-L. Guo et al. 2024; Z. Chen
et al. 2025). The birth kicks of black holes are still unclear
(S. Repetto et al. 2012; I. Mandel 2016; T. M. Tauris &
E. P. J. van den Heuvel 2023), but assuming a pulsar mass
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of 1.4 M, the possibility that the companion mass
PSR J1851-0108 is greater than 3.0 M, is only 14%.

3.2. PSRJ1910+0423

PSR J1910+0423 has only one main pulse (see Figure 2).
Our timing result shows that PSR J1910+0423 has a spin
period of 93.2ms and a surface magnetic field strength of
9.5 x 10°G, indicating that it has been mildly recycled.
PSR J1910+0423 and a >0.32 M. companion are moving
around each other in a 886day orbit with an orbital
eccentricity of 0.0026, therefore this binary system most
likely evolved from a low-mass X-ray binary, and the
companion star is either a helium white dwarf or a carbon—
oxygen white dwarf (P. F. Wang et al. 2025).

E. S. Phinney (1992) predicted that such a binary pulsar
should follow a relationship between its orbital period and
orbital eccentricity:

(eA)/? =~ 1.5 x 107*(Py,/ 100 days). ™

The orbital eccentricity of PSR J1910+0423 is 0.0026, close to
the expected value of 0.0013.

3.3. PSRJ1923+2022

PSR J19234-2022 has a main pulse and a discrete secondary
pulse with a large rotation longitude separation of about 140°.
It is also a mildly recycled pulsar that has a spin period of
38.0ms and a surface magnetic field strength of 2.7 x 10° G.
Its orbital period is 777 days, and the minimum companion
mass is 0.45 M. Similar to PSRJ19104-0423, this binary
pulsar is also a descendant of low-mass X-ray binaries
(P. F. Wang et al. 2025). Its orbital eccentricity of 6.8x10~*
is consistent with the expectation of E. S. Phinney (1992) as
well. The mass function of PSR J19234-2022 is larger than that
of PSRJ19104-0423, so this binary system should have a
larger orbital inclination. T. M. Tauris & G. J. Savonije (1999)
provide a relationship between the orbital period and the mass
of the white dwarf companion:

m P 1/4.75

¢ = ($) + 0.115. 8)
M(.j 1.1 x 105 days
So the expected companion mass of PSR J19234-2022 is
0.47 M. Compared to the minimum companion mass of
0.45 M., its orbit is likely close to edge on.

4. Summary and Discussion

We report FAST observations and a timing analysis of three
binary pulsars—PSRsJ1851-0108, J19104+0423, and J1923
+2022—discovered in the FAST GPPS survey (J. L. Han
et al. 2021, 2025). These systems exhibit small orbital
eccentricities (e < 1) and long orbital periods of 228, 886,
and 777 days, respectively (see Figure 3). We developed a
modified timing model, designated as ELL1R, based on the
ELL1 framework (C. Lange et al. 2001). The ELL1R model
combines the strengths of both the DD (T. Damour &
N. Deruelle 1985, 1986) and ELL1 (C. Lange et al. 2001)
timing models. Using ELL1R, we obtained phase-connected
timing solutions for all three pulsars. The timing results
indicate that these objects are mildly recycled and likely
accreted mass from their companions in the past. While the
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Figure 3. The distribution of projected semimajor axis x and orbital

eccentricity e for binary pulsars. Data from the ATNF pulsar catalog v.2.7.0

(R. N. Manchester et al. 2005) are shown, with the three GPPS binary pulsars
presented in this work highlighted as red stars.

nature of the companion to PSR J1851-0108 remains uncer-
tain, binary evolution models suggest that PSRs J19104-0423
and J19234-2022 have white dwarf companions and descended
from low-mass X-ray binaries. In addition, PSR J1923+2022
is likely in a nearly edge-on orbit.

Its application to the three pulsars demonstrates that (1)
compared to the DD model, ELL1R yields consistent orbital
parameters and timing residuals while significantly reducing
parameter covariances, and (2) compared to the ELL1+ model,
ELL1R is applicable to a broader range of binary systems and
does not require the constraint xe* < oroa/NibA.

To validate our modified ELL1R timing model, we
compared its performance against the DD model (T. Damour
& N. Deruelle 1985, 1986) in TEMPO2 (G. B. Hobbs et al.
2006) and the ELL1+ model (W. W. Zhu et al. 2019; W. Fiore
et al. 2023) in PINT (J. Luo et al. 2021).

For PSRsJ1910+0423 and J1923+2022, the condition
xe* < oroa /NTlé%A is satisfied, indicating that the low-eccen-
tricity approximation used in ELL1+ remains valid. In these
cases, the ELL1R model produces timing solutions and
residuals consistent with those from ELL1+. In contrast, for
PSR J1851-0108, where xe* reaches 0.065 It-s, the low-
eccentricity approximation breaks down, rendering the ELL1
+ model inapplicable. Notably, for all three pulsars, the timing
residuals obtained with the ELL1R and DD models are
identical.

However, the DD model exhibits strong covariances between
Ty and w, leading to significantly larger uncertainties in 7T
compared to T, (see Table 2). This complicates the accurate
reproduction of timing results using the reported DD
parameters unless more significant digits are retained.

As shown in Equation (2), the DD parameters T, e, and w
can be derived from T, €, and ¢,. Under the assumption of
independent errors among T, €;, and €, the uncertainties
of T, e, and w can be estimated via the law of propagation of
uncertainties. Using this method, we confirmed that the orbital
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parameters derived from the ELL1R model are consistent with
those obtained from the DD model.
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